Abstract-In this paper, we propose a comprehensive research over triple hop all-optical relaying free-space optical (FSO) systems in the presence of all main noise sources including background, thermal and amplified spontaneous emission (ASE) noise and by considering the effect of the optical degree-offreedom (DoF). Using full CSI relaying, we derive the exact expressions for the noise variance at the destination. Then, in order to simplify the analytical expressions of full CSI relaying, we also propose and investigate the validity of different approximations over noise variance at the destination. Finally, we evaluate the the performance of considered triple-hop all-optical relaying FSO system in term of ergodic capacity.
I. INTRODUCTION
The rapidly increasing need of very high data rate communications made free space optical (FSO) communication very popular during the past few years. FSO communication offers a great potential due to the ease of deployment, unregulated frequency band and the enormous available bandwidth [1] . FSO communication has observed great scientific developments and engineering improvements that make it usable for various commercial, industrial, military, environmental, and sensor network applications [2] , [3] . However, atmospheric turbulence-induced fading, geometrical spread and channel loss, which are distance-dependent, significantly decrease the FSO link performance [4] - [6] . To overcome this limitation, relaying techniques to divide a long link into multiple short links, has been advocated for FSO transceivers as a mean to cover large distances and improve the performance of FSO systems [7] .
Research studies on relay-assisted FSO systems was initially focused on electrical relaying where electrical-optical and optical-electrical conversions was performed at relays [8] - [10] . However, it is well known that the efficiency of electrical relaying is limited due to the requirement of high-speed electrons and optoelectronic hardware. Moreover, by developing tracking systems using acousto-optic devices that especially applicable to the fast moving unmanned aerial vehicles (UAVs) for compensating the pointing losses, UAV-based FSO communication systems are employed for high data transmission between moving UAVs [11] . However, due to the power, size and weight constraints of UAV systems, in practice, alloptical relaying is preferred to relying optical signals between UAVs [12] . To avoid the inherent complexities associated with electrical-optical and optical-electrical conversions in electrical relays, a new setup of relay-assisted FSO system referred to as all-optical relaying was recently proposed in the context of FSO communication where all processing are done in the optical domain [13] - [23] . In particular, in [19] , optical amplify and optical regenerate techniques were developed and bit error rate (BER) performance was investigated by using MonteCarlo (M-C) simulations. However, the latter work does not consider the effect of amplified spontaneous emission (ASE) noise. In [20] , the outage probability for a dual-hop FSO relay system was investigated in which ASE noise of optical amplifier was considered. However, in [20] , the authors have not considered the effect of the optical degree-of-freedom (DoF). In [21] and [22] , the outage probability of a dualhop and parallel all-optical relaying was studied in which the effects of both ASE noise and optical DoF was considered. However, performance analysis performed in [21] , [22] , is based on the assumption that the effects of the background and thermal noises are negligible compared to the effect of the ASE noise. Recently, in [23] a comprehensive signal model for a more precise analysis of dual-hop all-optical relaying FSO systems is studied in the presence of all main noise sources. In [23] the authors shown that due to the presence of background and ASE noise, the optimal location of the relay node is not placed at half distance of transceiver.
In this paper, we extend the results of [23] and investigate the performance of triple-hop all-optical FSO system relaying. Particularly, using full CSI 1 relaying, we derive the exact expressions for the noise variance at the destination in the presence of all main source noises including background, thermal and ASE noise by taking into account the presence of DoF. Then, in order to simplify the analytical expressions of full CSI relaying, we also propose and investigate the validity of different approximations over noise variance at the destination. The motivation of this paper is answering to this question: what is the relationship between relay locations and noise sources. For this aim numerical results are plotted in term of ergodic capacity versus different values of sourceto-relay, relay-to-relay and relay-to-destination. Simulation results revealed that the optimal relay locations strongly depend on noise sources.
The rest of this paper is organized as follows. In Section II, we describe the triple-hop FSO system model along with our main assumptions. In this Section, we derive the noise variance at the destination. we propose some approximations over noise variance at the destination. In Section III, we study the performance of considered system in term of ergodic capacity throw numerical results. Finally in Section IV, we draw our conclusions.
II. SYSTEM MODEL
In this paper, we consider a relay-assisted intensity modulation-direct detection (IM-DD) FSO system, where the information at the source is transmitted to the destination through two all-optical AF relay network, i.e., the process of reception, amplification and retransmission are done in the optical domain. The source-to-destination (SD) link length is
are source-torelay (SR), relay-to-relay (RR) and relay-to-destination (RD) link length. As depicted in Fig. 1 , the considered system model includes the following main parts: transmitter, turbulence channel, all-optical relays and receiver.
In the sequel, we analyze these four parts with more details to obtain the mathematical models for the signals and noises at the destination in the context of all-optical relaying system.
1) Transmitter:
It is assumed that the transmitter is equipped with a laser diode operating at wavelength λ = 1550 nm. Notice that the 1550 nm band is compatible with erbium-doped fiber amplifier (EDFA) technology, which is useful for long range FSO links to improve their performance [27] . The mean photon counts of the transmitted pulses is m t = P t T s /h p ν, where P t , T s , ν and h p are the transmitted power, chip duration, optical frequency and Plank's constant, respectively. For convenience, we use the notations m s , m r1 and m r2 to denote the mean of transmitted photon counts at source, first and second relay, respectively.
2) FSO Channel: We assume that the transmitted power is attenuated by two factors: the path loss h l and the atmospheric turbulence h a . Hence, the channel gain h can be formulated as h = h l h a . The path loss h l is a function of the optical wavelength λ, divergence angle θ div and link length d, and can be expressed as [28] 
where A a is the receiver aperture area and h ′ l is the atmospheric attenuation which is modeled by the exponential Beers-Lambert Law as h ′ l = exp (−dξ) and ξ is the scattering coefficient [28] . For clear and foggy weather conditions, the scattering coefficient is a function of the visibility V, and can be written as [28] 
where q is equal to 1.6, 1.3 and 0.585V 1/3 for V > 50 Km, 50 Km> V > 6 Km and V < 6 Km, respectively.
We model the turbulence-induced fading h a by a log-normal distribution, i.e., ln N (h a ; µ l,ha , σ 2 l,ha ), which is emerged as a useful model for a weak atmospheric turbulence regime [29] . The probability density function (PDF) of the log-normal model is given by
To ensure that fading does not attenuate or amplify the average power, we normalize the fading coefficients such that µ ha = 1. Doing so requires the choice of µ l,ha = −σ 
where κ = 2π/λ and C 2 n is the refractive index structure constant. In this paper, we assume that the transceivers are perfectly aligned.
Since, the channel gain is modeled as h = h l h a , hence, h is distributed according to the log-normal distribution
3) EDFA-Based Relays: At the relay nodes, the incoming optical light is guided into the optical fiber by a converging lens. However, in addition to the desired optical signal, the undesired background light due to the scattered sunlight is also collected by the receiver. The collected optical light is then amplified by an EDFA to compensate the channel loss. An EDFA is characterized by the noise factor K = n sp (G−1), the number of spontaneous mode 2 D, and gain G where, n sp is the amplifier spontaneous emission factor. Assuming that the ASE noise is modeled by an additive noise (similar to the background noise), the photon count n, at the output of first relay is Laguerre distributed as [27] , [30] f n,r1 (n) = Lag {n, G 1 m s h sr , G 1 (m br1 + n sp ), D} , (5) where m br1 = P br1 T s /h p ν and P br1 is the filtered background power at first relay. The distribution of Laguerre (also known as the non-central negative-binomial) is given in [27, Eq. (5)]. Moreover, the mean and the variance of Lag{n, a, b, D} are respectively derived in [27, Eq. (7)] as
Similar to the approach followed by most of existing work in the context of dual-hop FSO communications [20] - [22] , in this paper, full CSI relaying (variable gain) is considered. Note that, for FSO channels, CSI can be easily obtained over a sequence of received bits [24] , [25] . In full CSI relaying, the instantaneous CSI of the SR and RR links are assumed to be known at the relays. First and second relays set the amplifier gains based on the instantaneous fading of the SR and RR links h sr and h rr , respectively, in such a way that the relay output powers P r1 and P r2 , are kept constant at all time-slots. Due to the high gain of EDFAs (i.e., G ≫ 1), in this paper, we approximate the noise factor as K ≃ n sp G. The amplifier gains of both first and second relays are calculated as [21] 
where m r1 = P r1 T s /h p ν and m r2 = P r2 T s /h p ν are the average transmitted photons by first and second relays, respectively. According to (5), the photon count n, at the output of second relay is distributed as
where m br2 = P br2 T s /h p ν and P br2 is the filtered background power at second relay.
4) Signal Model at Destination:
The amplified optical signal is forwarded to the destination via a transmitting lens. At destination, the received optical signal, including the background radiation, is collected and focused on the surface of a photo-detector. Based on (9), the photon count n, at the input of photo-detector has also a Laguerre distribution as
where m bd = P bd T s /h p ν and P bd is the filtered background power at destination. At the destination, the collected optical signal is converted to an electrical one by a photo-detector (PD). The Laguerre distribution has the property that it preserves its form after photo-detection and Lag(n, a, b, D) is converted to Lag{n, ηa, ηb, D} by a photo-detector with quantum efficiency η [27] . Hence, the photon count distribution at destination, without considering the effect of thermal noise, is derived as
By substituting (11) in (6) and without considering the effect of thermal noise after photo-detection process, the mean and variance of photon count at destination are respectively derived as
and
Because of the large number of photons after optical amplification, the mean and the variance of the received photon count at the destination can be approximated closely by a Gaussian [27] . Moreover, the thermal noise is generated independently from the received optical signal and has a zero-mean Gaussian distribution with variance due to the resistive element
where K B is the Boltzmann constant, T R and R L are the receivers equivalent temperature and load, and e denotes the electron charge. While dark current noise can practically be neglected, the photo-electron count at the destination can accurately be modeled by a Gaussian distribution with mean
Finally, the electrical SNR at destination is expressed as
As we observe from (13) and (15), the variance of noise at the destination is very complex. In order to simplify, in the sequel, we propose two approximations over noise variance and then, in the Section III we investigate the accuracy of these approximations. First, we consider the practical case where the amount of background power is low. At this condition, the noise variance at the destination can be approximated as
th . (17) To study the effect thermal noise has on the performance of the considered dual hop FSO system, we assume that the SNR at the destination is limited by thermal noise. According this assumption, noise variance at the destination is simplified as
III. NUMERICAL RESULTS AND DISCUSSIONS
We now present numerical and analytical results to evaluate the performance of the considered triple-hop FSO system over log-normal turbulence channel. Different system parameters used throughout performance evaluation are provided in Table  I . To facilitate numerical analysis, we consider a similar condition for SR, RR and RD links, i.e., parameters such as visibility V, refractive index structure constant C 2 n , background power P br1 = P br1 = P bd = P b , and divergence angle θ div , are set equal in both channels.
In this paper, we analyze the performance of considered system in term of ergodic or average capacity. As we observe from (16) , electrical SNR at the destination is a function of h sr , h rr and h rd . Hence, for considered system, ergodic capacity can be obtained as
To demonstrate the effects of optimum relay location on the performance of the considered triple-hop FSO system, in Figs. . There are three important observations which can be drawn from these figures. First, the performance strongly depends on the relay locations and as we observe, by changing relay locations the ergodic capacity changes, significantly. Second, the optimum location of relays (the location with higher ergodic capacity) depends on the background noise level. location of relays are achieved at d sr = 1900, d rr = 1850 and d rd = 1250 m. Third, at the optimum location of relays, SR link length is approximately equal to RR link length and they are bigger than that RD link length. Now we want to investigate the validity of approximations on (13) which are characterized by (17) and (18) . To this aim, in Fig. 4 , we have plotted the ergodic capacity versus d rd for different values of P b where d sr = d rr . In addition to the conclusions drawn form the simulation results proposed in the previous section, from Fig. 4 we can draw the conclusions that at low values of P b , our proposed approximation in (13) for the noise variance at the destination is valid for all of possible relay locations, while the thermal noise limited approximation proposed in (18) is valid for locations close to the source.
IV. CONCLUSION
In this paper, we proposed a comprehensive signal model of triple-hop all-optical relaying FSO systems in the presence of all main noise sources including background, thermal and ASE noise by considering at the same time the effect of the DoF. Using full CSI relaying, we derived the exact expressions for the noise variance at the destination. Then, in order to simplify the analytical expressions of full CSI relaying, we also proposed and investigated the validity of different approximations over noise variance at the destination. Numerical results were provided in term of ergodic capacity and they confirmed that for low values of the background power, the proposed approximation regarding SNR at the destination is valid for all of possible relay locations. For thermal noise limited, it was shown that the considered approximation is valid when the relay is close to the source.
